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ABSTRACT. Motivated by open questions in the long-time dynamics of fluid motion and fluid turbu-
lence, we investigate the existence of nonstationary solutions to the Navier-Stokes equations (NSE)
with constant energy profiles, with constant enstrophy profiles, or both. In this paper we make
progress in this area by constructing a nonstationary solution to the incompressible NSE (on the
3D torus) whose energy remains constant. Similarly, we construct a nonstationary solution whose
enstrophy remains constant. These constructions necessarily exist outside of the attractor and are
supported on an infinite number of modes. On the 2D torus we show that when the force is an
eigenvector of the Stokes operator any solution with nontrivial nonlinear term must be supported
on an infinite number of Fourier modes. This result is then used to disprove the existence of the
so-called chained ghost solutions introduced in [24].

1. INTRODUCTION

Our interest in the issue of the existence non steady-state solutions possessing time-independent
global quantities is motivated by the need to understand the long-time dynamics of the equations
of fluid dynamics in the context of fluid turbulence. In particular, it becomes important to describe
the dynamics in terms of the key physical quantities involved in the empirical theory of turbulence
dating back to Kolmogorov in 3D [17,[18] and Kraichnan in 2D [19] (see also [15] for a comprehensive
overview and [7} 12| for a mathematical setup in terms of Navier-Stokes equations). Among these
quantities, the key role is played by fluid energy, enstrophy, and in 2D, palinstrophy, which in
the empirical theory determine behavior of such quantities as the Reynolds number, the energy
dissipation rate, and the structure of energy transfer among the scales of the fluid flow. Another
key feature of turbulence theories is the basic finite-dimensionality of fluid turbulence. This finite-
dimensionality can be understood through the notion of Landau-Lifschitz degrees of freedom [20]
and determining modes [2] — the maximal number of parameters needed to completely resolve
dynamics of the fluid flow, which in turbulence is related to dissipation scale. To connect these
empirical theories to the basic equations of motion, it becomes crucial to Investigate the long-time
dynamics of the energy, enstrophy, and palinstrophy of the solutions of Navier-Stokes equations

(NSE).

A natural focus of the mathematical studies of turbulence has been the global attractor of the
2D Navier-Stokes system (or weak attractor in 3D), which captures the long-term dynamics. In
particular, the finite-dimensionality of the global attractor in 2D has been established [3][21], and
the above-mentioned physical quantities of energy, enstrophy, and palinstrophy of solutions on the
attractor in the 2D periodic case under a stationary body force (and how they relate to turbulence)
have been studied extensively ([1}[4} [5] 6] [8] (10} [11]). It was shown, for example, in [6] that the
global attractor for the 2D NSE with periodic boundary conditions is bounded in the (suitably
normalized) energy and enstrophy plane between a parabola and a line and that these bounds on
the attractor location are sharp. Further refinements on these bounds and results in terms of the
palinstrophy can be found in ([4][5]).
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A question that arises naturally in this area is how much we can determine regarding the dynamics
of the system by simply considering the energy, enstrophy, and palinstrophy of solutions in the
attractor. If there can exist nonstationary solutions in the attractor where the energy, enstrophy,
and palinstrophy nevertheless remain constant, then it would seem that these quantities somehow
do not capture the dynamics of the solutions as described in empirical theory of turbulence. If
it can be shown, however, that any solution with constant energy, enstrophy, and palinstrophy is
indeed a stationary solution, then these quantities certainly capture at least some relevant features
of the dynamics of the system. While fully resolving the dynamics necessitates a large number of
degrees of freedom and determining modes [2} (9} [11][14] [16], there is an indication that, consistent
with the empirical theories, the dynamics of energy, enstrophy, and palinstrophy may still tell us
quite a bit.

The question of whether a nonstationary solution in the attractor may have constant energy and
enstrophy for all time was introduced in [10]. In that paper the authors considered the NSE
in 2D with periodic boundary conditions under the assumption that the force is an eigenvector
of the Stokes operator. They referred to nonstationary solutions in the attractor with constant
energy and enstrophy as “ghost solutions”, alluding to the fact that their existence in general
remained unknown. It is known that under certain conditions ghost solutions in the attractor are
not possible. For example, if the Grashof number is small enough then the attractor consists of a
single point ([6]). Similarly, if the force is an eigenvector of the Stokes operator associated with the
smallest eigenvalue, then the attractor consists of a single point and no ghost solutions are possible.
Investigation into the existence of ghost solutions has continued more recently in ([23], [24]), where
a sub-class of ghost solutions with an additional stability property was introduced. Such solutions
were dubbed chained ghost solutions (see Section 3 for the relevant definitions). In general, results
as they pertain to ghost solutions are limited in scope. Indeed, it is not known in general whether
there exist nonstationary solutions to the NSE under the more relaxed condition of simply having
constant energy (or simply having constant enstrophy, or constant palinstrophy).

Curiously, our investigations into the existence of ghost solutions naturally connect to the issues
of finite-dimensionality of the NSE flows. Typically, the finite-dimensionality is described in terms
of fractal dimension, in terms of Landau-Lifschitz degrees of freedom, or in terms of determining
modes. However, in the context of ghost solutions, we consider whether the finite-dimensionality
can be fully manifested in terms of Fourier scales. Namely, one would want to investigate the
possibility that NSE solutions evolve in a finite-dimensional subspace of Fourier space — the so
called finite-mode solutions. So far, the only such solutions are proved to be stationary solutions
arising in special cases, e.g. in the case of single-mode force, which exclude turbulence (|6}110}22]).
The question of the existence of non-stationary finite-mode solutions remains largely unresolved,
yet resolving this question would not only improve our understanding of the finite-dimensionality
of fluid flows, but also would show whether some NSE flows are described by an explicit finite-
dimensional ODE in Fourier space.

In this paper we investigate the properties of nonstationary solutions to the Navier-Stokes equations
with constant energy profiles and with constant enstrophy profiles, with a particular focus on a
possibility of finite-mode solutions. Consistent with previous studies in this area (|6} 10} 23] [24])
we focus on the space periodic case with a constant-in-time force. First, we analyze such solutions
under the simpler Stokes system and obtain an explicit description of such solutions. We then export
results from that analysis to the NSE on the 3D torus by exploiting basic cancellations in the non-
linearity, thus establishing the existence of 3D NSE solutions whose energy (respectively, enstrophy)
remains constant. These constructions necessarily exist outside of the 3D (weak) attractor and are
supported on an infinite number of Fourier modes. We then investigate the possibility of finite-
mode solutions to the NSE on the 2D torus. As a result of this investigation we show that any
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solution to the NSE on the 2D torus with nontrivial nonlinear term must, if it exists, be supported
on an infinite number of modes when the force is an eigenvector of the Stokes operator (we note
that in this case, if the nonlinearity is zero, the structure of the finite-mode solutions is trivial).
Together these results rule out the existence of so-called chained ghost solutions (as defined in [23])
since such solutions are necessarily finite-mode and cannot exist if the nonlinear term is zero.

In Section[2] we outline the theoretical framework for our discussion. In Section [3] we provide an
overview of recent results in the literature. In Section [4] we analyze the Stokes system and use these
results to construct a nonstationary constant-energy (as well as constant-enstrophy) solution to
the 3D Navier-Stokes equations with periodic boundary conditions. In Section [5[ we prove results
regarding the possible forces that allow for finite-mode solutions to the 2D Navier-Stokes equations
with periodic boundary conditions. We then apply these results to show that if the force is an
eigenvector of the Stokes operator then solutions with nontrivial nonlinear term, if they exist, are
necessarily supported on an infinite number of modes.

2. PRELIMINARIES

In this paper we focus on the incompressible Navier-Stokes equations (NSE) with zero space average

%‘—yAu+(u-V)u—|—Vp=F

V-u=0

(1) - N
SQud$—0, SQFdx—O
u(z,0) = ugp

on a periodic spatial domain Q = [0, L]}.,, n = 2,3. Here u = u(x,?) is the fluid velocity vector

field, v is the kinematic viscosity, p = p(x,t) is the pressure (per density), F' = F(x) is the body
force vector field (per density), and up = ug(x) is the initial condition. The unknowns in these
equations are the vector u and the scalar p. In the space-periodic case the zero space average
assumption is made without loss of generality (see, for example, [12], Chapter 2, Section 2).

Two important physical quantities that we will deal with are the kinetic energy and the enstrophy
(per unit mass) of the fluid:

1
(2) energy : J lu(z)|*dx

2 Ja

1
3 enstrophy : — Vu;(z)|?dz.
3) phy i 35 | Vo)

We associate with this system the natural Hilbert space of divergence-free zero space average
functions with bounded energy, often referred to as H. The inner product on H is the usual
[L2(Q)]" inner product defined by

(4) (u,v) = J u(z) - v(z)de.
Q
For the norm on H we use the notation

5) ul = () = ([ Jutea ) "

where the difference between whether | - | refers to the norm in H or the modulus of a vector is
hopefully clear from context.
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We view the system in as an evolution equation in H. Taking the Helmoltz-Leray projection
onto H of we have the following functional formulation of the Navier-Stokes equations:

du
S +VvAu+ B(u,u) = f
©) {u@) v

where A := Pr(—Au) is the Stokes operator, B(u,v) := Pr((u- V)v) is a bilinear operator, and
f:=Pr(F) (here Pr, represent the Helmholtz-Leray projection). Note that Pr(Vp) = 0.

The Stokes operator A : D(A) — H is well-known to be self-adjoint with compact inverse, and
with eigenvalues of the form

7 \ = (2;)] i JezNo),

in the space-periodic case. The smallest eigenvalue of A will play a special role in our estimates,
so we will denote

(3) No = (2;)2

We may write any vector field u(x) € H as follows:

9) u() = Y, uwi(z)

Jjezr\{0}
with u; € R and where {w;} forms an orthonormal basis for H, with each w; being an eigenvector
of A with explicit eigenvalue \;. Indeed, in the space-periodic case the eigenvectors of A may be
represented by trigonometric polynomials. Thus, any function in H may alternatively be written
as a Fourier series

(10) U= Z ﬁjei(%/L)j'm
jez™\{0}

where @; € C" such that >};c7m (o |i;]* < o0 (to ensure finite energy), @; = G_; (to assure u is
real), and 4; - j = 0 (to assure that u is divergence-free) for all j € Z™\{0}. Note that we have

(11) ul? = > 14yl

jez™\{0}

Another natural space that we associate with this system is the subspace of H consisting of finite-
enstrophy functions, often referred to as D(A'?) or V. We write the natural norm on V, which is
equivalent to the [H!(2)]" norm, as

9\ 1/2
0
12 _ A1/2 AI/Q 1/2 _ 1/2 _ J
(12) |ul| = (A =u, A/*u) (u, ) 0 i;axiuw)
Note that we have
(13) Jal> = > L5l
JEZ™\{0}

For strong solutions to the NSE we have the following energy balance equation:

(14 5 aelul? + vlul? = (£, u).
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This is obtained by taking the inner product in H of the the Navier-Stokes equations with the
solution v and using the fact that (B(u,u),u) = 0. In two dimensions only, we also have the
following enstrophy balance equation

1d

La, o 2 _
(15) 5 2o lul? + vl Auf? = (1, Aw),

which is obtained by taking the inner product of the NSE with Au and using the two-dimensional
orthogonality relation (B(u,u), Au) = 0.

We may represent the system in @ as an infinite-dimensional system of coupled ordinary differential
equations by rewriting it in terms of its Fourier series:

(16) @5(t) + vy (t) + Blu,u),(8) = fi; j e Z\{0}.

Given u,v € D(A) we may explicitly write the Fourier coefficients of B(u,v) € H as follows:
(& - k) (0 - j) ]
117

In 2D we may alternatively write the Fourier coefficients of B(u,v) as follows:

(17) B(u,v)j=¥ > [(aj_k.k)@k_

keZn\{0}

(18) Blwo), =2 % (@j—k - k) (0 - *) 1

keZ2\{0}
where for j = (41, j2) we define j= = (—ja,j1). See the Appendix (Section@) for formal calculations

of and .

Two dimensionless quantities that are useful for understanding fluid flow are the generalized Grashof
number (introduced in [13]) and the well-known Reynolds number. The definition of the generalized
Grashof number depends on the number of spatial dimensions of the flow. It is defined as

/]

2

/]

in 3D.
3/4
V2

(19) in2D; G =

In order to define the Reynolds number one must first define some appropriate (time-independent)
“average” of the fluid velocity. Several reasonable choices are possible, so let (Ju|) refer to an
appropriate average of the fluid speed. Then we define the Reynolds number as

(20) Re = j’;g‘/é

In two-dimensions there exists a well-defined global attractor (a compact subset of H that is
invariant under the flow and that uniformly attracts bounded sets in H). In 2D, we may define
the solution operator S(t) by S(t)ug = u(t), where u(t) is the unique solution to (6]) at time ¢ with
initial data wug. It is well-known that the operator S(t) depends continuously on the initial data.

3. SPECIFIC PRELIMINARIES

The term ghost solution was first introduced in [10] to refer to nonstationary solutions to the NSE
whose energy and enstrophy remain constant for all time. In the original context the spatial domain
of the fluid flow is the 2D torus, the force is an eigenvector of the Stokes operator, and the solution
lies in the global attractor. However, the concept of a ghost solution makes sense even outside of
these specifications. Thus, we define ghost solutions as follows:
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Definition 3.1. A ghost solution is a nonstationary solution, u(x,t), to @) (in 2D or 3D) such
that |u(t)| and |u(t)|| are constant in time for all t = 0 where u is defined.

Note that this definition allows the possibility of ghost solutions that exist outside of the attractor.
The only restriction on the forcing function f is that it is a stationary vector in H. While in this
paper we work on a periodic domain, that is not an essential feature of the definition.

The advantage of working on a 2D periodic domain with an eigenvector force is that in this case
ghost solutions have the following important property:

Theorem 3.2 (See equation (6.3) of [10]). Let Q = [0,L]2., and let Af = Ayf. Let u be a ghost
solution. Then the following relationship holds:

(21) vul? = (f,u) = 1| Aul*
!

This relationship is an immediate consequence of the energy and enstrophy balance equations in
2D. It also directly shows that, under these conditions, constant energy and constant enstrophy
together imply constant palinstrophy (|Au|?). As a result, the authors of [24] investigate the
following (dynamic in time) subspace of H

(22) H(t) := span{f, u(t), Au(t), A%u(t)}

since for any vector v € H the product (v, u) is constant. The authors of [24] show that for any ghost
solution u it must be the case that span{f} < span{f,u} < span{f,u, Au}, but their work allows
for the possibility that A?u € span{f,u, Au}. Considering this potential degeneracy motivates the
following definition.

Definition 3.3 (See [24] Definition 6.1). Consider the system with @ = [0, L]2,, and suppose
that f is an eigenvector of the Stokes operator. A chained ghost solution is a ghost solution in

the global attractor satisfying the following relation:
A?u(t) = vf + Bu(t) + aAu(t), VteR,

for real scalars a, B, and 7.

Unlike the general notion of ghost solutions, the motivation for considering chained ghost solutions
necessarily relies on the domain being the 2D torus and the force being an eigenvector of the Stokes
operator.

The authors of [24] prove several results concerning chained ghost solutions. The most relevant
result for this paper is the fact that chained ghost solutions may be decomposed as a sum of three
eigenvectors of the Stokes operator. This theorem was restated nicely in [23]. We state a simplified
version of the result here:

Theorem 3.4 (See Theorem 6.3 in [24] or Theorem 2.1 in [23]). A chained ghost solution u(t) may
be written in the following form:

_ s
u(t) = us(t) +u_(t) + e
where uy and u_ are eigenvectors of the Stokes operator A.
2
Since % is a scalar and f is assumed to be an eigenvector of the Stokes operator, this theorem

implies that any chained ghost solution may be written as a sum of three eigenvectors of A.



SPECTRAL STRUCTURE OF SOLUTIONS WITH CONSTANT ENERGY/ENSTROPHY 7

4. NONSTATIONARY CONSTANT-ENERGY SOLUTION CONSTRUCTION ON THE 3D TORUS

In this section we construct a nonstationary solution to @ in 3D that has constant energy ev-
erywhere it is defined. We begin by constructing a nonstationary solution to the Stokes system
(i.e., the Navier-Stokes equations but without the nonlinear term) that is defined and has constant
energy for all ¢ = 0. We then show that this construction can be modified to create a nonstationary
constant-energy solution the full Navier-Stokes equations in 3D.

4.1. Stokes System. By the Stokes system we refer to the following set of partial differential
equations:

%—VAU—FVPZF

V-u=0
(23) :
Squdr =0, §,Fdr=0
u(z,0) = ug
on a periodic spatial domain © = [0, L]Zer, n = 2,3. This system is simply the NSE without the
non-linear term. The functional formulation of the Stokes system in H is as follows:
d
(24) % trAu=f
u(0) = up.

Recall that we may write any function in H as follows:
(25) u(@) = Y ujw(a)
jezm\{o}
where {w;} jez2\{oy 18 a set of orthonormal eigenvectors of A spanning H with explicit eigenvalues

A= (2%)2 |7/2. Considering this eigenvector expansion, we see that is equivalent to the
following (possibly infinite) system of linear ordinary differential equations:

d C m
(26) %Uj(t) + V)\jUj(t) = fj, JE Z \{0}
Each of these equations can be solved explicitly for all ¢t = 0:
i —vjit i
2 (1) = . _JJ v I
(27) w0 = (O - L) 2

From here it can be seen that the global attractor for this system consists of the steady-state
solution: u* = LA~1f (i.e. uj = VfT;] for each j € Z?\{0}) since solutions in the attractor must
be bounded for all time. Note that the fact that the attractor is a single point clearly implies
non-existence of ghost located solutions on the attractor. However, we will consider the question

in a more general setting of Deﬁnition

In what follows we will construct a nonstationary constant-energy solution to the Stokes system.
For specificity, we work on the 2D torus with © = [0, L]2,,, but this construction can be trivially
adapted to R™, n > 2. We begin with a lemma regarding a necessary and sufficient condition for

the existence of nonstationary constant-energy solutions to the Stokes system.

Lemma 4.1. Any nonstationary constant-energy solution to the Stokes system requires that
the force and initial condition satisfy the following condition:

i\ 2f; /i
(28) > <uj(0) — =L > em WAt 4 20T (uj(O) — 9) e "Nt =0 forallt =0,
j€Z2\{O} I/)\j V)\j V)\j

where at least one uj is such that u;(t) # ufT]J The converse also holds.
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Proof. The energy of the solution to is given by

Sl =5 Y w0

2 JeZ2\{0}

1 Y o 5]
w3 2 (w0 ) ey

7€Z2\{0}
_1 0= JY et 20 (o ) ey (i)
= 2je7;\1{0} <u](0) V)\j> et 4 %y u;(0) %y e "t 4 o)

If the energy of a solution is to remain constant then this solution must have the same energy as
the solution in the global attractor. That is, a constant-energy solution must have energy equal to

N2
%Z jez2 (%) . Such a solution would then require that

2
(29) Z (Uj(O) _ yf)J\]> e~ WAt % <Uj(0) _ yf)J\J) VNt — ).

JeZ2\{0} J

Note that if we try to make the sum zero by making all the terms zero, this requires that we set
u;j(0) = Vngj for each j. However, if this is the case then we have that each u;(t) is constant in time,
and in fact that u(t) is the steady-state solution. Thus, in order for u(t) to be nonstationary, we
need for u;(t) # uijJ for at least one j.

S\ 2 , ,
For the reverse implication note that if 3, 72\ (g (uj (0) — ufTJJ) 6—2V>\jt+3Tij (u]' (0) — L) e—VAt —
J

2y
N2
0 then %|u(t)|2 = %Zjezz (:/fTJ]) and the energy of u is constant. Again, the condition that some
u;j is such that u;(t) # ufT]] guarantees that u is nonstationary. O
fjo

l/)\jo .

Suppose u is a nonstationary constant-energy solution to (24). Let jo be such that u;,(0) #
Then we at least have two terms in equation that need to be cancelled:

2
(30 (“”’0(0)_&) ety g (ujo<0>—f”> il

v )‘jo v )‘jo V)‘jo

Since the functions e=2*o? and e*%iot

2
(31) (ujo(())_fﬂb> e—2uAjOt+fJb(ujo(Q) 2f10> e Niot £ 0.

v )‘jo v )‘jo v )‘jo

are linearly independent, we know that

Jio

2
— ) e~2"%o! must be cancelled by terms of the form
0

2
v (uk(O) - Vf—/\’“k> eV ! where Ay = 2)j,. However, this creates new terms (uk(O) - ukak) e
which themselves must be cancelled by terms associated with an eigenvalue equal to 2\, = 4.
These considerations motivate the following lemma.

Thus, we conclude that the term (ujo(())

ka 721/>\kt
)

Lemma 4.2. For any j € Z*\{0} and n € N we have that 2"\; is an eigenvalue of the Stokes
operator.
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Proof. This follows almost directly from the Sum of Two Squares Theorem, which states that an
integer m is the sum of two squares if and only if, in the prime factorization of m, all primes
congruent to 3 modulo 4 are to an even power. Consider an arbitrary eigenvalue \; = (2%)2 j-7.
Since j - j = j? + j2 is the sum of two squares, the prime factorization of j - j contains only even
powers of primes congruent to 3 modulo 4. Note also that the prime factorization of 2"j - j then
also has only even powers of primes congruent to 3 modulo 4 for any n. Thus 2"j - j = k} + k3 for

some integers ki, kp. Thus, for k = (k1, k2) we have 2")\; = Ay. O

Remark 4.3. In the 3D case, by Legendre’s Theorem, m = j - j is a sum of three squares if and
only if m is not of the form 4*(8i + 7), and therefore the 3D version of Lemma holds for any
j € Z*\{0} such that j-j # 7(mod 8) (e.g. j = (1,0,0)). In the case n > 4, by Lagrange’s theorem,
any m € N can be represented as a sum of four, and consequently of any number of squares, and
therefore Lemma holds with no restrictions on j € Z™\{0}.

Remark 4.4. For an explicit construction of a sequence of eigenvalues {2"\j}nen, consider the
following:

For j = (j1,0) with j1 # 0 let

NN = )‘(j12("*1>/2,j12(n*1)/2) if n is odd
’ )‘(j12"/2, 0) if n is even

Before we move on to the next lemma, let us consider the following motivating calculations. Let jo
be such that fj, = 0 and u;,(0) # 0. Then the ji* term in the sum would simply be

wjy (0)26_2V)\j0t.

Let \j, be such that A\j, = 2);,. Then we have that the j5* term in sum is

2
(10 = 2 ) ezt 2 (w00 = i) e

V)\jl V)\jl I/)\jl

Since Aj, = 2)\;, we have that 3{? (ujl(O) — V%) e "Mt from the j5* term cancels the ji® term
1 1

uj, (0)2e~2"Xio! exactly when

2/ <u]'1(0) _ > = —u;(0)%,

l/)\jl I/)\jl
or rather
u;j, (0) = fi _ V)‘joujo(o)2
! 2V)‘jo fj1 ‘

N2
Of course this leaves us with the first part of the j5* term leftover: (u;, (0) f’—1> e~ it If we

B 2
let \j, be such that \j, = 2\;, = 4)\;, then the j39 term of sum is

2
(Uj2 (0) — fJ?) e 2Vt 2 <Uj2 (0) — fJ2> e Vit

I/)\j2 I/)\j2 l/)\j2



10 RADU DASCALIUC AND SARAH HAGEN

This time we get that the second part of the ji¢ term, if\c’f’ (ujQ(O) — j)%j) e "2t cancels the
2
VJ;,{Jl.l ) 6—21/>\j1t

remainder from the j5* term, (ujl (0) — , exactly when

2f]2 <U(0)— f]2 >:—(U(O)— fj1 >2: 2)\2%0( )4
VAj 7 VAjs " vAj, f]21 ’
or rather
fin  20°N g (0)
Uja (0)

B 4V)‘j0 fisz

Continuing in this pattern, we get successive cancellation of terms in the j, modes exactly when
we define

in _ (2V>‘j0ujo (0))2n
v2"Njy 27N [Tes (F)2" "

u;, (0) =
We now establish the following partial sum lemma:

Lemma 4.5. Fiz jo € Z*\{0}. Choose a sequence j, € Z?, n = 1,2,3..., such that \;, = 2"\j,.
Let f;, =0 and let f;, #0 for n > 0. Let u,(0) # 0. If we define u;, (0 ) forn=>1 recurswely as

fin (2vXjyuj, (0))*
(32) uy, (0) = 2/17» ~ oo L el
v Jjo 2 V)‘jo Hk:l(fjk)

then the formal sum

o 2
(33) Z (ujn(()) — fJn) e~ 2 Ajnt 4 2fin (%(0) _ f]) o~ int

= vA;j, VA,

has as its N partial sum

- (2v\j,uj, (0))
(34) Sv = [2N+1v)\j0 Hszl(fjk)

2N

2
N—k ] 6_2N+1y>\'70t.
oN—

Proof. We prove this by induction. As our base case we have

] 2
SO = (UJO (0) — f]o) _21/>\j0t 4 240 f (ujo (0) f]O > e ]()t = uj, (0)26—21/)\j0t7

V)‘jo V)‘jo )‘Jo

which is of the correct form. Now suppose we have that

N 2
- [ (20X 1450(0)) ] 2
2N+1V)‘jo H]kvzl(fjk)2N §

for N > 0. Distributing the square allows us to write this in a more convenient form for later:

oN+1

* (2V>‘Joujo (O)> —2N+1pN; ¢
(35) N A o P T G
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Consider the following calculations:
2

Sny1 = SN + (“jN+1(0) _ i

]N+1

VANt 4 2fjnn (ujN+1(0)_ Finia >6u>\jN+1t

VAN 1 V)‘jN+1

2 N+1
_ f]N+1> e~ 2NNt 2fini ( (ZV)‘joujo(O))Q )e—uAjNHt

VQN'H)\]'O 2N+2V}‘]o HN+1(ka)2N+1 k

2 oN+1
_QVAJNH ( (2V/\j0uj05\(f))) N+1—k> €_V>‘J'N+1t
22N2 ()2 [Tz (fe)?

JN+1

= SN + (%‘NH(O) _ Jive

JN+1
f]N+1 —2U\; t
= . 0 [ IN+1
(ujNH( ) U)\]N+1 ‘ i
_ (QV/\J'O Ujo (O))
2D+ T (S50

oN+1

2
] 72(N+1)+1l//\j0t.

In the move to the second line we use the definition of u;,, as given in equation (32). The move
to the third line is the result of simplification after using the fact that Ajnir = = 2N+ Ajo- The move
to the fourth line uses the formulation of Sy given in equation (3 . The final line again uses the
definition of w;,_, as given in equation . Thus we have that Sy is of the correct form and
the lemma is established. O

Remark 4.6. Choose (jn), fj,, and u;, (0) as in Lemma If we additionally choose f; =0 and
uj(0) = 0 for all j not in the sequence {jn}, then we have the sum from reduces to . For
such choices of our parameters, we have that the identity 1s satisfied exactly when
2w\ S
(36) lim CrintiOF | =2¥hnit _ g,
N=eo 2N+1V/\j0 szl(fjk)Q

In one sense, it is easy to find appropriate values of Aj,, v, u;(0) and {f;, } such that the limit in (36)
is satisfied for all t = 0 (for example, set all parameters equal to 1). However, we should minimally
require that our choices guarantee that the force and initial condition are at least in H and ideally,
due our interest in the constant enstrophy which we address later, in V. Our task now is to find
values of Ajy,v,u;, and {f;,} such that the following criteria hold:

(1) u(0) eV
(2) feV
2N
(3) lim (2V)\J0u§\(;(0)) — 6_2N+1V>\j0t
N=ee | 2N WA [ Teor (f50)?

As a final preliminary result, we require the closed form of an important sum that arises in our
calculations:

=0.

Lemma 4.7. For any N € N

N
(37) PIZARE AR}

Proof. This can be shown by a straighforward proof by induction. O
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We now prove the following theorem which establishes the construction of a constant-energy solution
to the Stokes system.

Theorem 4.8. Fiz jo € Z*\{0}. Choose a sequence j, € Z*, n = 1,2,3..., such that \j, = 2"\;,.
Let f;, = g= forn > 0 with b > /2, and let f; = 0 for all other j € Z*\{0}. Let u;,(0) # 0 be such
that 2vj, luj, (0)]? < 1, and define u;, (0) recursively as

i 2w wi, (0))%
(38) u]n (0) = 273)\ - n+1( = 7‘10( )) on—k *
V2" Ajo 20wy [T (f5)

Let u;(0) = 0 for all other j € Z*\{0}. Then f and u(0) are in V and define a force and initial
condition such that the solution to the Stokes system is nonstationary with constant energy for
allt > 0.

Proof. Let f,u be defined as in the hypothesis of the theorem. First we show that f € V. We
calculate the norm of f in V as follows:

1A= 2 N

JeZ2\{0}

Thus, we have f e V for b > /2.

Next we calculate a closed form for the term We have

1
[Ty (F,)2" "

n

1 n—k
T A

k=1
n
_ 1—[ kanfk
k=1
= bZz:l kz’ﬂ*k

— p2tten—2

where the last identity uses Lemma
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Now we calculate the norm of u(0) in V:

[u@F = > Ajuy(0

3622\{0}

- Z )\Jnu]n

n 2
_ (2’/)‘]0%0(0))2
Ao 2", Hk (Fi)® *

" on 2
N2 (20 Aoz ()% 627
jo u2”)\]0bn 201N,

27\ 2
QV)‘jo Ujo (O)bQ)
2%0 TS S W =T

2m on\ 2
= i 2"\ <1>2 _9 ( 1 > (QV/\joujo (0)b2) n (2V)\j0uj0 (0)1)2)
i Jo V2" N\, 0" v2m N\, 0" 201y )\ b2bn 27\ B2bn

In order for |u(0)|? to be finite we need this final sum to converge. Given the dominance of the
terms with exponent 2", we have convergence exactly when 2v\j,|uj,(0)[b* < 1. Thus, u € V

provided 2v\;y|uj, (0)] 6% < 1

As mentioned in Remark the necessary and sufficient condition for having a nonstationary
constant-energy solution to the Stokes system is guaranteed in this case when the limit of the
partial sums given by equation in Lemmais equal to 0.

Let us rewrite the N* partial sum given by equation given our specific choice of f.

N 2 oN 2
(39) Sn = (2V)\j0Uj0 (0))2 —2N+1V)\]-Ot _ (2V)\j0uj0 (0)b2) —2N+1l/)\j0t
N N+ TN, ()2 " c | 2Nt 20N ‘ '

Notice that the requirement for u € V, namely, 20\, |uj, (0)|b* < 1, is also sufficient to guarantee
that limy_ Sy = 0 as desired.

n

Remark 4.9. We may similarly construct a nonstationary solution to the Stokes system that has
constant enstrophy. Define f as in Theorem Let u;,(0) # 0, and define uj, (0) recursively as
fin (P Az o (0)*"

(40) u.]n (O) = 275)\ - n = njo on—k *

V2" Ajo 2" A [ Ti=y (i)
Let u;(0) = 0 for all other j € Z*\{0}. Then f and u(0) are in V and define a force and initial
condition such that the solution to the Stokes system s nonstationary with constant enstrophy
for all t = 0 provided v\;y|uj,(0)|b* < 1. The proof mirrors the proof of Theorem .

Indeed, for any s € R we may construct a solution to the Stokes system such that |As/2u| is constant.
For a given s we define u;, (0) recursively as follows:

fin (21_57/)‘j0uj0 (0))2"

(41) uj,(0) = - = —
! Vzn)‘jo 27H_I_SV)‘J'O Hk:l(fjk>2 *
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For b? > 26/2=1 we have f € D(A®2=1Y and u(0) € D(A%?). These data define a force and initial
condition such that the solution to the Stokes system s nonstationary with constant enstrophy
for all t = 0 provided that 2'~5v\;y|uj, (0)]b? < 1.

Remark 4.10. In our construction of a nonstationary constant-energy solution to the Stokes sys-
tem there exists a time t < 0 such that the energy is no longer well-defined. Note that the energy
of our solution is finite so long as the limit of the partial sums given by equation converges.
The limit diverges for values of t such that

(42) 22y [ujo (0)] b6~ Aot > 1.

Remark 4.11. In our definition of u(0), the decay rate of the f;, coefficients competes against
the convergence of the sum defining u(0). Choosing f;, to be a geometric series caused the term

W to grow essentially at the rate of (b2)?". By chance, this matched the growth rate of
k=1\JJjg

the term (Xj,vuj, (0))?" and allowed us to choose values of \j,, v, uj,(0), and b such that convergence
of the sum defining u(0) is guaranteed. However, if the f;, terms decay appreciably faster, then the
sum defining u(0) necessarily diverges. Thus, there is a limit to how smooth our choice of f can
be. For example, we may have f € D(A®) for any s € R. However, f cannot be in an “analytic”

class such as D(e2”) for any s € R.

n

We end this subsection with a pair of theorems regarding nonstationary constant-energy and non-
stationary constant-enstrophy solutions to the Stokes system. Note that the following theorems are
independent of the nonstationary-constant energy and nonstationary constant-enstrophy construc-
tions provided above.

Theorem 4.12. There does not exist a nonstationary solution to the Stokes system with both
constant energy and constant enstrophy, no matter what initial condition and time-independent
force is chosen.

fjo
29

Proof. Suppose u;,(0) — (this is the condition for u to be nonstation-

ary). Then in order to for u to have constant energy we require that the sum in (28) be 0. Thus,
we must have (at least) the following cancellation:

0 D0k D e k)

VA
‘AW«':)‘jo |)\n|:2)\JO

In order to have constant enstrophy we have the following requirement (analogous to Equation:
fJ e~ 2vAst 2f; i —vAjt
J€Z2\{0}

Thus, if uj,(0) — ijo # 0, then in order to have constant enstrophy we must have the following

cancellation:

2
5o (wO-J) - B o (wo- f),

[Anl=Xjq [An]=2Xj,

or rather

() S (wo-f) (- 2 2 (w0 )

VA
[An] :2)‘3'0
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Equations and can only be simultaneously satisfied if both sides of the equations are
0. 0

Theorem 4.13. If the Stokes system admits a nonstationary constant-energy solution then
that solution must be supported on an infinite number of eigenvectors of the Stokes operator. In
addition, the force must also be supported on an infinite number of eigenvectors of the Stokes
operator.

Proof. Suppose for contradiction that w is a nonstationary constant-energy solution to the Stokes
system ([24) that is supported on only a finite number of eigenvectors of the Stokes operator. As in

Theorem [4.12| in order for u to be nonstationary we require u;(0) — VngJ # 0 for some j € Z?\{0}.

Let jo be such that w,(0) — Lo 2 0 and for any other j € Z2\{0} such that u;(0) — Vng # 0 we
J

VAjg
have || < [jo|. In order to for u to have constant energy we require that the sum in (28) be 0, and
so we must have (at least) the following cancellation:

w 3 (k) e k)

Since the left-hand side is not zero, the right-hand side must also be non-zero. However, this

means that there must exist a j; € Z*\{0} such that [j1] > [jo|, fj # 0, and uj, (0) # Vﬁz . This
1

contradicts our assumption on jo. Thus u must be supported on an infinite number of eigenvectors
of the Stokes operator. Not only that, we must have that u;(0) — S

vA;

# 0 for an infinite number of

Jj. As we just saw, for each j such that u;(0) — ufT]] # 0, there must exist a j; such that |j1] > |j],

fin # 0, and u;, (0) # Vf\cjj . Thus f must also be supported on an infinite number of eigenvectors
1

of the Stokes operator. O

Remark 4.14. The analogous result holds for constant-enstrophy solutions. That is, if the Stokes
system admits a nonstationary constant-enstrophy solution then the solution and the force
must be supported on an infinite number of eigenvectors of the Stokes operator. Indeed, this holds
for any nonstationary solution u with ]AS/2u| constant for some s € R.

4.2. Extension to 3D Navier-Stokes. Recall that when working on the 3D torus, i.e. Q =

[0, L]ger, we may write an element of I in terms of its Fourier expansion as follows:

u(x) _ Z ajei(Qﬂ'/L)j-:):
JjezA\{0}

ii; € C3 such that 4; = 4_; and j - 4; = 0. As shown in Appendix@ we may write the nonlinear
term in @ as

(47) B(u,u) = Pp[(u-V)u] = Pr, 2m D1 (@ - k)t G
j:keZ3\{0}

We now construct our nonstationary constant-energy (for time ¢ > 0) solution to the 3D Navier
Stokes system on the torus using the results developed for the Stokes system. Recall that for any
jo € Z*\{0} there exists a sequence of indices j, = (j (1), jn(2)) such that \;, = 2"\, for all n > 0.
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Now consider the sequence J,, € Z3\{0} defined such that J,, = (jn(1),7.(2),0). Notice that we
have

o 2 or\? . .
den= () = () (G0 + (a2 40%) = .
Thus, we have that J,, so defined is such that Ay ;, = 2"\;, for n > 0.

First we define our forcing function f(x) = 2]623\{0} fj i@r/L)iw a5 follows. Let fj, = f_j =

(0,0, f;,) = (0,0,1/b™) for b > +/2, and f; = 0 for all other j € Z3\{0}. By definition of the f,
terms we have that f satisfies the reality condition. Note also that f satisfies the divergence-free
condition as well since £, -.J,, = (0,0, fin)-(Gn(1),n(2),0) = 0, and since fj = 0 (and thus fj-j =0)
for all other j.

Let u(x,t) be defined such that 4y, (t) = u—,, (t) = (0,0,u;,(t)), where u;j, (t) is from the nonsta-
tionary constant-energy solution of the Stokes system (for ¢t > 0). Suppose further that @; = 0 for
all other j € Z3\{0}. Then, as with f, u satisfies the reality and divergence-free conditions.

We also have that B(u,u) = 0 for this choice of u. To see why, consider the sum

Z (,&] . k) ﬂkei(Zﬂ/L)(kJrj)-x
7,keZ3\{0}
from equation . Notice that for j ¢ {£J,},_, we have that 4; = 0 and thus (4; - k) et/ L) (k+i) e —

0 for all k. Similarly, if k ¢ {+.J,,}%_, we have that i = 0 and thus (i, - k) 4’7/ FE+i)@ = o for
all j. Thus equation reduces to

(48) Bl =Py |20 S (i kg /D)
J.ke{xJIn}

However, if j, k € {+J,}7°_,, then 4; - k = 0 since 4; = (0,0,u;) and k = (k(1),k(2),0). Thus, we
have that, for this definition of u, B(u,u) = 0.

Thus, this choice of u puts us back in the Stokes system. We now need to confirm that this choice
of u satisfies % + vAu = f and that u has constant energy for ¢ > 0. Consider the following
calculations:

du d . )

_ ~ i(2n/L)j-x

P + vAu = E <dt + uA) uje J
JeZ3\{0}

0

d d |
> (dt ey A) oy, AR/ 2 (dt ) A) o ORI

0
= (0,0,u, (t) + vAj,u(t)) /L) 4 Z (0,0,u () + vAj,u(t)) /L) (= Tn)-

n=1

8i

3
I
—_

MS

(0 0, fjn) i(2n/L)Jp-x + Z 0 0, f ) i(2n/L)(=Jn)-x

n=1

o0
ei(27r/L)Jn~:c + Z fJnei(2w/L)(—Jn)~x

n=1

3
I
—

Il
18
§‘>

[y

I
=i
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where the move to the fourth line is due to the fact that the u;, terms solve the Stokes system for
those specific f;, terms. Thus we have that the u satisfies the 3D Navier-Stokes system. Now we
confirm that the energy of u is constant.

2 jezA\ (o)
L3 0 R & ~ 2
= X A lan, P + ] iy, ()]
2 n=1 n=1
(& <
- ( (s, (1)) + ) (ug, (t))g)
n=1 n=1
o0 f; 2
_ 13 Jin_
- ,;1 (V/\jn> 7

which is constant. The move to the last line is again justified by how the u;, and f;, terms were
defined for the Stokes system. Straightforward calculations show that u, f € V. Thus we have the
following theorem:

Theorem 4.15. Let {jn}3°_ o and f;,u;(0),u;j(t) for j € Z*\{0} be defined as in Theorem Let
Q= [O,L]ger and define Jp, = (jn(1),jn(2),0). Define fj such that fJn = f_Jn = (0,0, fj,) and fj =
0 for all other j € Z*\{0}. Define ;(t) be such that iy, (t) = ti_y,(t) = (0,0,u;,(t)) and 4;(t) =0
for all other j € Z3\{0}. Then the function u(z,t) = 21je73\ {0} 0 (t)e /I s q nonstationary
constant-energy solution to the Navier-Stokes system with force f(z) = Zjezg,\{o} fjei(%/L)j’m for
t>=0.

Remark 4.16. The above construction lends itself just as easily to creating nonstationary solutions
with constant norm |A5/2u|, for any s € R, on the 8D periodic domain. Simply define the parameters

as in Remark’

Remark 4.17. The above construction may be modified to create nonstationary constant-enerqgy
(or constant higher norm) solutions in dimension d > 3. Simply define the indices by J, =
(jfll),jg),(), .-+ ,0) and the non-zero Fourier coefficients of f and u by f;, = f—7. = (0,--- ,0, fin)
and ﬁ/Jn (t) = ﬁ_Jn (t) = (0’ o ,O,an (t))

Remark 4.18. This construction cannot be directly applied to the 2D Navier-Stokes system. In
the 3D case we were able to construct the non-zero Fourier coefficients Gy, (t) and the indices Jy,
such that they have disjoint support. This is what caused the nonlinear term to vanish and reduce
the system to the Stokes system. This cannot be done in 2 dimensions since one cannot define
the indices J, such that they are 0 in the second component and maintain the requirement that
JIn = 2"Ay,. This is because if Jp, = (Jn(1),0), then A, = (Z%)Z(JN(l))2 is always a perfect
square. However, 2"\ 5, would only be a perfect square when n is even.

Remark 4.19. We recall the Reynolds number and Grashof number defined as follows: Re =

% and Gr = 2|£3|/2. We may also consider so-called “localized” Reynolds and Grashof numbers

VAL L .

(localized to a specific mode) defined as Re; = ‘“iﬁ?g' and Grj = 2‘];3‘/2.
12 ’ v "

Recall that the requirement
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on the parameters for maintaining constant energy is 2V)\j0uj0(0)b2 < 1. Thus, we may write this
requirement in terms of localized Reynolds and Grashof numbers as follows:

R .
GTj2

5. FINITE-MODE SOLUTIONS ON THE 2D TORUS

This section is dedicated to establishing Theorem and its consequences.

5.1. Spectral Structure Theorem. We begin with a calculation that further simplifies the
Fourier coefficient of the nonlinear term when € is the 2D torus.

Lemma 5.1. The j™ Fourier mode of the nonlinear term of the NSE on the 2D torus may be
written as

(49> B(u,u)j _ T Z (mJ— . k)(‘k|2 _ |m’2)um125ij_
L m,keZ? 7]
7n;k:j

where in general wp is a scalar in C defined such that uel™ = Gy, with ¢+ = (I1,12)" = (=2, 11).

Proof. Recall the explicit representation of the j*' Fourier mode of the nonlinear term given in
equation :

B(u,v); = o 2 (85 B0 ) 51

keZ2\{0}

Recall that the divergence-free condition on u requires that @; - j = 0 for all j € Z?\{0}. In 2D this
means that we may write 4; = ujjl where u; is now a scalar in C and §t = (—ja2,71). Writing u
this way we write the j*" Fourier coefficient of the B(u,u) term as follows:

(50) Bluu), = = ST (G — k) k) (k) SR L
keZ? ’j’

Note that without loss of generality we relaxed the requirement on the index from k € Z*\{0} to
k € 7Z? since an index of k = (0,0) would not contribute to the sum anyway. By reindexing with
m = j — k, the coefficient can be written as

211 mUk .
(51) Bluu), = == S (mb - k)(k* - (m+ k)5 Ik
L k,meZ? U|
kli-m:j

A simple calculation shows that for a,b € Z? we have a' - b+ = a - b, given how we’ve chosen to

define the perpendicular vectors. Thus we may also write the nonlinear term coefficient as

(52) Blu,u), = % S mt k) (m o+ k))“‘"?;"“jl.
k,meZ? Jl

k+m=j




SPECTRAL STRUCTURE OF SOLUTIONS WITH CONSTANT ENERGY/ENSTROPHY 19

Consider the following calculation regarding the m' coefficient of the nonlinear term:

21 U U 2 Uk Um
2B u); = 0 3 Gt k) (n+ B)PIEEG SESY (R m)(m (ko m))
m,keZ>? |‘]| k,meZ>? |‘7|
m+k=j k+m=j
211 Um U . U U, .
ST R (ot R () () e ) )
e j M
m+k=j
271 Um U Uk U, .
SIS (ot B Gk )M (R )
m,keZ? J ‘7’
m+k=j
21 Um Uk
=7 Z (m* - k)((k—m) - (m + k)) TiE it
m,keZ? J
m+k=j
211 UmUE; .
=S5 2 (e R)(R? - mP) Tt
m,keZ? |‘7|
m+k=j
Thus we may write
(53) Bluu); == % (m* - k)(kP = mf) =t
L m,keZ? “7‘
ml&-k=j

0

Notice that if wavenumbers m, k are such that m is parallel to k& then m*’ -k = 0, and so that term
in the sum is 0. Notice also that if m, k are such that |m| = |k| then that term in the sum is also
0. Thus, the only pairs of wave numbers that contribute to the nonlinear term in the j*" mode are
pairs of different length, that are not parallel, and whose sum is equal to j. Finally note that each
wavenumber in such a pair must correspond to a Fourier mode where u is supported in order to
contribute to the nonlinear term.

Thus the expression of the NSE in terms of Fourier modes becomes

. . T U U .

W+ v+ 5 (mt k(P ml) P it=fi jezAo).
m,keZ?
m+l§:j

Theorem 5.2. Let u(z,t) = X jcz2 (o) @;(t)e® be a finite-mode solution to the NSE on the 2D
lilsN

torus with nontrivial nonlinear term (i.e. B(u,u) # 0). Then there exist wavenumbers j,k such

that the following criteria hold:

(1) tjpr =0,
(2) Blu,u Wi =TT R)(EP? = 1512 e + k)"

(3) (u,u) 70
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Proof. Suppose u is a finite-mode solution to the NSE with nontrivial nonlinear term. Let S be
the finite set of vectors in Z*\{0} associated with the Fourier modes where u is supported. That
is, j € S if and only if 4; # 0. We seek a pair of wave numbers j,k € Z?\{0} with the following
properties:

(1) j,ke S

(2) j+k¢sS

(3) j K

(4) il # |k|

(5) If p,q € S are such that {p,q} # {j,k} and p+ ¢ = j + k then either p || ¢ or |p| = |¢

Propert is there to guarantee that the first criterion of our theorem is satisfied. Properties
, and [4| together imply that Z(j* - k)(|k[> — [4]?) GTZ"“Q (j + k)" # 0 and contributes to the sum
for the (5 + k)™ mode of nonlinear term. (We recall that the Fourier coefficients of any solution to
the NSE are analytic in time. This implies that if u;(¢) and wuy(t) are not identically zero, then the
product u;(t)ug(t) is not identically zero, since nonzero analytic functions may only take the value
of 0 on a discrete set of points.) Property [5|implies that for any pair of vectors p,q € S such that
. ; 1
{p,a} # {5, k} we have T (p* - q)(Ip]* — laI*) 25 (0 + @)
for the (j + k)™ mode of nonlinear term. Properties and together establish the second

and third criteria in the theorem.

= 0 and does not contribute to the sum

We begin by choosing a vector v* € S such that for any v; € S we have |v;| < |[v*| (i.e. v* has
maximum length in ). We let b; = v* and by = (v*)* be a new basis for our vector space and we
write the vectors in S in the coordinates of this new basis. Geometrically speaking, we reorient the
plane so that v* lies on the z-axis. [See Figure

(A) Original orientation of vectors in S (B) Reorientation of vectors in S
FIGURE 1

We then arrange the elements of S in reverse-lexicographic order (according to this new basis).
That is, j appears earlier in our list than k if and only if either the first component of j is greater
than the first component of k (that is, j is farther along in the direction of v* than k), or if the
first components are equal then the second component of j is greater than the second component
of k (that is, j is farther along in the direction 90° counterclockwise from v* than k). Assuming
S contains n vectors, let us relabel the vectors in S as vy, vo, ..., v, according to their reverse-
lexicographic order. Thinking in terms of Figure the vectors are ordered from right to left
(with v1 = v*), and if a set of vectors are equally far right, these vectors are ordered from top to
bottom.
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Recall that the Fourier coefficients of u come in pairs. That is, if v; is in S then so is —v;. This
implies that n is an even number, and, given our ordering, the vectors vy, ..., v, have nonnegative
first components. Also notice that since we assume B(u,u) # 0, we have that n > 4.

Consider the vector v; + ve. [See Figure . We can see v; + v9 ¢ S since if vy has positive first
component then the first component of v; + vg is greater than the first component of v;, which has
the largest first component of any vector in S. If the first component of vs is 0 then the second
component is positive and this implies that v; + vo has greater length than v, which already has

length greater than or equal to any vector in S. Thus v; and vy are wavenumbers that satisfy
Properties[I]and 2] of our list.

FIGURE 2. Vector v + v9

To establish Propertywe show that if vy, vy € S are such that v, + vy = v1 + v2 then {v,,v,} =
{v1,v2}. The proof of this straightforward. The geometric idea is that any other pair of vectors
would have a sum that does not extend as far up and to the right as (i.e. has a smaller first or
second component than) v; + va. Suppose v,,v4 € S are such that v, + v, = v1 + v2. Note that if
vp € {v1,v2} or if v, € {v1,v2} then v, + vy = v1 + vy implies that {vp, vy} = {vi,v2}. So suppose
Vp, Vg & {v1,v2}. Denote the ith component of a vector v in the basis {b1,b2} by v(i). Note that,
given the ordering of vectors in S, for any v € S with v # v; we have that v(1) < va(1) < v1(1).
Thus we have v, (1), v4(1) < v2(1) < v1(1) and so vy(1) +v4(1) < v1(1)+v2(1) and v, + vy # v1 +v2.

Thus vy and v9 are wavenumbers that satisfy Property If we also have that vy } vy and if
|vi| # |ve| then Properties [3| and [4] are satisfied and v; and vy are the required vectors for the
theorem (This case is represented in Figure)

However, if vy || v2 or |v1] = |v2| then v; and vy do not satisfy the theorem and we must seek a
different pair of wavenumbers that satisfy the five properties listed above. We handle these cases
in turn.

Case 1: |v1| = |ve|

v1+v2 (v1tv2)*
3 3 be

For this case we again define a new basis for our vector space. Let ¢; = and ¢y =

our new basis vectors (see Figure E|

In this case the vectors v; and vy have the same first coordinate in the basis C' = {c1, c2}, and that
first coordinate is strictly larger than the first coordinate (in C') of any other vector in S. (If any
other vector had the same or larger first coordinate in C' then that vector would have been come

between v; and vy in the ordering under the basis {b;, bo}, which is a contradiction.) Let 01 ..., 0,
1
IWhy choose ¢ = Bx%2 and cp = % as opposed to, say, ¢1 = v1 + v2 and ¢z = (v1 + v2)t or ¢ = |213§\

L
%? The choice is nothing deep. The problem with v; + v is that such a vector will not fit compactly

in our diagrams. The problem with

and ¢ =

v1tv2
[v1+vz]

is that it is more cumbersome to type.
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be the reverse-lexicographic ordering of the vectors in S according to the basis C. Without loss of
generality we may assume v; = v; and ¥2 = vo as in Figure Note that since that by construction,
in basis C, 91(1) = v2(1) > 0.

(A) Original orientation (B) Reoriented
FIGURE 3. |v1| = |vg|

Let v, be the first vector in this new ordering of S such that |0;,| # |01] (see Figure for example).
If no such vector exists then B(u,u) = 0 and we are outside the scope of our theorem. We are
now in a position to find pairs of vectors that satisfy the required five properties. Again, we must
consider cases:

(B) |1~)jo| 7 |ﬁ1|7 6j0 ” U1

FIGURE 4. || # |01]

(La) i f

In this case, the pair @1, 9, by definition satisfy Properties[T][3] and[4] To see that v;, + 71 ¢
S note that either 0, has a positive first component (in the basis C' = {c1, c2}), or v, has
0 as its first component and has a positive second component. In the first case v;, + 1 has
a larger first component than 01, and thus is not in S. In the second case |0, + 01| > |v1]
and thus is not in S. Thus Property is satisfied.

To see that Propertyis satisfied we consider a pair of vectors v, v, € S such that v, +v, =
U1 +0j, with {0,,7,} # {01, 01}. Without loss of generality, suppose p < ¢ (that is, @), comes
before 7, in our reverse-lexicographic ordering in basis C'). We show that any such pair of
vectors will be such that 1 < p < ¢ < jo and thus o, 9; do not contribute to B(u,u), since
|Tp| = |04| (since p,q < jo implies that both @, and 0, have the same length as 91). Recall
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that, given the ordering under the basis C, for any © € S such that 0 ¢ {01,702} we have
that 9(1) < 01(1) = v2(1).

As we saw previously, if any other pair of vectors v, 94 is such that o, + 0, = v1 + v, then
neither v, nor v, is equal to 01 or vj,.

as desired.

Suppose ¥, # U2, i.e. p > 2. Then we have, in particular, that 0,(1) < 01(1). Thus
Up + 0g = U1 + 0j, implies that 0;,(1) < 94(1). This implies that jo > ¢ and thus that
1 <p <q<jo. Thus |,| = |04 = |01] as desired.

Therefore, we conclude that the vectors v, and 01 are vectors that satisfy the theorem.
(1.b) 05, || o1

In this case consider the set of vectors in S with the same first component (in the basis
C) as U, and with size strictly less than |01]. Call this set of vectors S’. (S’ is the set of
vectors in Figurethat lie on the vertical dotted line, but not on the outer circle).

— If 9, is the only vector in this set (i.e. S' = {v;,}) then the pair 0j,, 02 satisfies all
the conditions of the theorem. This is again because ©2(1) + ¥j,(1) > 71(1) (and thus
U2 + 0, ¢ S), and any other pair of vectors ¥, 04 such that 0, + 04 = U2 + ¥, are such
that |0p| = |04/, and the reasoning is similar to the case (1.a). See Figure

— If there are other vectors in S’, then let ©; be the vector in S’ with the smallest
second coordinate. If ¥;, is not parallel to Uy (see Figure , then the pair v}, 09
satisfies all of the conditions of our theorem. Essentially, this is because any other
pair of vectors whose sum matches the first coordinate of ¥;, + ¥ must either both
have maximum length (which is what we want) or one is from S” and the other is from
{1, 02}. However, since 0, has the smallest second coordinate of any vector in S” and
U2 has a smaller second coordinate than 91, no other sum of a vector from S’ and a
vector from {¥;, 02} will match the second coordinate of v, + 0s.

— If both ¥, || 91 and ¥;, || 2 (see Figure , then the pair v;,,0; satisfies the theorem.
As before, this is because any other pair of vectors whose sum matches the first coor-
dinate of 0j, + 0; must either both have maximum length or one is from S’ and the
other is from {01,02}. Note that in our current case, any vector from S” added to o1
will have a positive second coordinate and any vector from S’ added to ¥5 will have a
negative second component. This is due to the fact that v2(2) = —91(2) and for any
0; € S" we have |7;(2)| < [01(2)| (owing to the fact that the vectors from S’ now are
sandwiched between two vectors, ¥;, and v;,, that are positive scalar multiples of 71
and U9 where that scalar is strictly less than 1). Thus, of all the sums of vectors where
one is from S” and the other is from {1, 02}, the sum o0, + ?; is the only sum having
the smallest positive second component. Thus, the pair v;,, 01 satisfy the conditions of
our theorem. Indeed, in this case, any vector from S"\{7;,} together with ¢; will meet
the conditions of the theorem (as well as any vector from S"\{7;, } together with 3).

Thus we have shown that even in the case where |vi| = |va| we can find wavenumbers j, k that
satisfy all the conditions of the theorem.

Case 2: v; || v2
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© 9, + 7

(4) (B)

FIGURE 5. 0, || 01

If vy is parallel to vy, let vy, be the first ordered (in basis {b1,b2}) vector from S such that wvg,
is not parallel to v1. If no such vector exists then B(u,u) = 0 and we are outside the scope of
our theorem. Thus we may assume that such a vector exists. Note that such a vector must have
a nonnegative first component. (Otherwise we would have —uvy, precede vy, on the list. But we
already said that any vector preceding vy, was parallel to vy, implying that —vg, and thus v, was
parallel to v1. This is contrary to our assumption on ky). We must consider two further subcases.
The first is when |vg,| # |vi|. The second is when |vg,| = |v1].

(2.0) [ogy| # |v1]:

In this case the pair vy, vy, by definition satisfies Properties and 4 We consider the
vector vy + vk, (see Figure@. To see that vi + vy, ¢ S note that either vy, has a positive
first component, or vy, has 0 as its first component and has a positive second component.
In the first case vy, + v1 has a larger first component than v, and thus is not in S. In the
second case |vg, + v1| > |v1] and thus is not in S. Thus Propertyis satisfied.

FIGURE 6. Vector vy + vy,

To see that Propertyis satisfied we consider a pair of vectors v, v, € S such that v, +v, =
v1 + vk,. We show that any such pair of vectors such that {v,,v,} # {v1,vg,} will also be
such that 1 < p < g < ko and thus that v, || v, (since p, ¢ < ko implies that both v, and v,
are parallel to v1) and therefore do not contribute to B(u,u).

As we saw above, if one of vy, v, € {v1, v, } then {vy, ve} = {v1,vp,}. So assume that neither
vp nOr vy is equal to vy or vy,. Note that since for any v € S\{v1} we have v(1) < v;(1), the
identity vp+v, = v1+uvy, implies that v, (1), v4(1) > vk,. This implies that 1 < p, ¢ < ko, and
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thus that v, || vq. (Note that in fact there are no vectors vy, vq € S such that v,+v, = v1+vg,
and {vp, vg} # {v1, v, }.)

Thus the conditions of the theorem are satisfied in this case.

(2.b) |vgo| = va:

For this case we redefine a basis for our vector space in a similar manner to what we did in

Case 1. Let dy = % and dy =

(Ul +vk0 )l

5 be our new basis vectors (see Figure .

(B) Reoriented
FIGURE 7. |vg,| = |v1]

In this case the vectors v; and vy, have the same first coordinate in the basis D = {d;, da},
and that first coordinate is strictly larger than the first coordinate (in D) of any other
vector in S. (If any other vector had the same or larger first coordinate in D then that
vector would have come between vy and vy, in the ordering under the basis {b1, b2}. But by
assumption the only such vectors are parallel to v1. Thus each such vector is of the form
v; = ¢;v1 where ¢; < 1, and so each such vector has smaller first coordinate than v; in any
basis.) Let v{,...,v], be the reverse-lexicographic ordering of the vectors in S according to
the basis D. Without loss of generality we may assume v{ = vy and vj = vg,. (See Figure

)

Notice now that we are in the same position we were in at the beginning of Case 1. Thus,
we may treat this situation in the same way as we treated Case 1.

O

5.2. Allowable Forces for Finite Mode Solutions. This section is dedicated to establishing
limits on the types of forces that can admit of the possibility of a finite mode solution to the 2D
NSE with non-trivial non-linear term. As a consequence, we will show that no finite-mode solution
with nontrivial nonlinear term is possible in the case when the force is an eigenvector of the Stokes
operator. This, combined with results from Section proves the impossibility of so-called chained
ghost solutions introduced in [24].

We begin with the following corollary to Theorem [5.2

Corollary 5.3. Let u be a finite mode solution to the NSE on the 2D torus with non-trivial non-
linear term. Let Sy (resp. Sy) be the set of wave numbers associated with the Fourier modes where
f (resp. w) is supported. For all pairs of wavenumbers j,k € S, that satisfy the conditions of
Theorem [ must be supported on the Fourier mode associated with j + k (i.e. j+ ke Sy).
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In particular, let ky € Sy be such that |k¢| > k for all k € Sy and let k, € S, be such that |k,| =k
for all k € Sy. Then |kf| > |ky|.
Proof. Recall the following Fourier characterization of the NSE:

(54) W+ wAjty + Blu,u); = fii j e Z2\{0).

Suppose u is a finite mode solution to the NSE. Let j,k be a pair of wave numbers that satisfy
the conditions of the Theorem Then the Fourier characterization of the NSE for the mode
associated with wavenumber j + k is as follows:

—_

(55) B(u, )y = Fek
Since Bm) j+k 7 0 by Theorem this implies that fj+k # 0. In the proof of Theorem it is
demonstrated that j and k can be chosen such that |j + k| > k,, for any k, € S,. O

Note that Corollary above implies that any nontrivial (in the sense that B(u,u) # 0) finite-mode
solution must have a force f that is supported outside the spectrum of the solution u, in particular
f must have modes strictly bigger then the largest non-zero mode in the solution, |k,|. In the
trivial case, i.e. B(u,u) = 0 (for example if a solution lives in an eigenspace of A or if the non-zero
wavenumbers in a solution are parallel), the Fourier components become decoupled, and therefore,
any trivial finite-mode solution on the global attractor is necessarily a steady state. In the case of
nontrivial solutions we obtain the following result.

Theorem 5.4. In the system et Q = [0, L)%, and let the force be an eigenvector of the Stokes
G

per
operator. Let u be a solution to (6| such that B(u,u) % 0. Then u must be supported on an infinite
number of Fourier modes.

Proof. Let the force f be an eigenvector of the Stokes operator. Assume that u is a solution to the
NSE with force f such that B(u,u) # 0 and w is supported on a finite number of Fourier modes.
Let Sy (resp. Su) be the set of wave numbers associated with the Fourier modes where f (resp.
u) is supported. Since f is an eigenvector of the Stokes operator it must be the case that for any
kg1, kpo € Sy we have |kp| = |ks|. By Corollarythis implies that for any kf € Sy and k, € S,
we have |kf| > |k,|. This implies that (f,u) = 0.

The energy balance equation in this case is simply:
(56) 5 luf® = —v]ul.

By the Poincaré inequality this yields %%Mz < —vAolul?. Applying Gronwall’s inequality we have

lu(t)|> < [u(0)|?e=2¥%! Thus we have that lim;_,o |u(t)| — 0 and thus u(t) converges to 0 in H.
Moreover, since the solution operator S(t) depends continuously on the data, 0 must be a fixed
point (stationary solution) on the global attractor, which implies that f = 0. This contradicts our
assumption on f. Thus any solution u with nontrivial nonlinear term must be supported on an
infinite number of Fourier modes.

O

Corollary 5.5. When the force is an eigenvector the only finite-mode solution on the global attrac-
tor of to the 2D NSE is the trivial solution u = % (where Ag is the eigenvalue associated with the
eigenvector f). In particular, u = % is the only finite-mode stationary solution.
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Proof. By Theorem if a solution wu is such that B(u,u) # 0 then u cannot be finite-mode. In
the case where B(u,u) = 0 we are in the Stokes system (24), where the only bounded solution is

the trivial solution u = %
f

O

Remark 5.6. Looking outside the global attractor, we note that the proof of the Theorem/[5.4] implies
that in the case the force f is an eigenvector corresponding to an eigenvalue Ay, the only finite-mode
solutions to the Navier-Stokes equations are either those where the non-zero modes are parallel to
the modes of f (this can only happen if f is a one-mode force) or those where the modes are equal
in magnitudes to the modes of f. In both cases such solutions converge ast — oo to the stationary

solution u = —4—.
V)\f

Corollary 5.7. There are no finite-mode ghost solutions to the 2D NSE when the force is an
etgenvector of the Stokes operator. In particular, there are no so-called chained ghost solutions.

Proof. Theorem demonstrates that no finite-mode solution exists at all when the force is an
eigenvector and the solution has nontrivial nonlinear term. In the case where the nonlinear term is
trivial we are in the Stokes system. Theoremimplies that there are no ghost solutions possible
in the Stokes system. Thus, when the force is an eigenvector of the Stokes operator, there do not
exist any finite-mode ghost solutions. In particular, this implies that there do not exist chained
ghost solutions. O

Naively, there is nothing to rule out the possibility of zﬁiiite—mode solution so long as the force
is supported on all wavenumbers k where 4, = 0 but B(u,u), # 0. However, for wavenumbers j
and k where the conditions of Theorem |5.2| are satisfied, we have an interesting condition on the
Fourier coefficients ; and 1.

Proposition 5.8. Let j, k be wavenumbers that satisfy the conditions of Theorem|5.2) Then the
product ujuy is constant, and both u; and uy are nowhere vanishing.

Proof. When j, k satisfy the condition of Theorem the Fourier characterization of the (j + k)™
mode of the NSE can be written as ¢; ju;(t)ux(t) = fj+x, where ¢jx = (51 k) (k- (j + k))ﬁ is (a
non-zero) constant. Since f, is also (a nonzero) constant, this implies that the product w;(t)us(t)
is constant. It is well-known that the functions u;(t) and u(t) are analytic in time. Thus, in order

for the product to be a non-zero constant, we must have that neither function is ever equal to 0. [

6. APPENDIX

Define our domain Q as follows: Q = [0, L]}, for n = 2,3. First we represent (u - V)v. Any
divergence-free L? function on the torus may be represented by u(z) = ZkeZn\{O} el 2/ L)k
where each 4y, is a vector in C™ such that 4y = G4_, 45 - k = 0, and ZkeZ"\{O} |iix|? < oo. Consider

the following formal calculations, which can be made rigorous by assuming u,v € D(A).
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(u-V)v=(u-V) 2 bpe!Gr/D)ke
keZm\ {0}

Z O, Z u; 27r/L)k T
kezn\{0}  j=1

SIS gy(u k)eler/Di
keZ™\ {0}

211 ‘
ﬂ Z {]k Z uj (2W/L)] x k, e’L(Qﬂ’/L)kq;

kezm\{0} JEZ™\{0}
SIS (ke
J,keZm\{0}

Now we reindex with m = k + j to get

(u-V)v:? Z Z (tiy—p, - k) D™

meZr\{0} keZm\{0}

To get B(u,v) we need to project (u-V)v onto the divergence-free vector fields. On the torus, this

means we need B(u,v),, - m = 0 for each m € Z™\{0}. Since L? can be orthogonally decomposed
into gradients and divergence-free vector fields, we can calculate B(u,v) in two ways. First, we
may subtract off the projection of (u - V)v onto the space of gradients. In this case we project

[(mv]m onto m and then subtract. Thus we have

B(u’v)m = % Z [(ﬂm—k - k)or, —

keZn\{0}

Alternatively, in 2D we can project [(u - V)v],, onto the direction of m* = (—msy,m;) as follows:

Bluv), = 2y (o E)O 7))

112
keZ2\ {0} m|
J_‘ _

Since |m |m| we may rewrite this as

B(u, U)m _ @ 2 (umfk ) k)(@k ) mL>mJ_.

keZ2\{0}
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